Introduction
Nonlinear partial differential equations are useful in describing the various phenomena in many disciplines.
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Apart from a limited number of these problems, most of them do not have a precise analytical solution, so these nonlinear equations should be solved using approximate methods. In 1992, Shijun Liao employed the basic ideas of the homotopy in topology to propose a general analytic method for nonlinear problems, namely homotopy analysis method (HAM) and then modified it [1] . This method is now widely used to solve many types of nonlinear problems. For example, Ayub [2] used HAM to determine an exact flow of a third grade fluid past a porous plate. Cherniha [3] used HAM to determine the Lie and non-lie symmetries of nonlinear diffusion equations with convection term. El-Tawi [4] used HAM to get a new application for solving stochastic quadratic nonlinear diffusion equation. Hayat et al. [5] used HAM to determine an exact flow of a third grade fluid past a porous plate. Khani et al. [6] used HAM for the solutions and efficiency of the non-linear fin problem in which he showed the efficiency of HAM. Abbasbandy [7] applied HAM to solve a generalized Hirota-Satsuma coupled KdV equation. HAM was also for a Class of Holling Model with the Functional Reaction. Other researchers have since employed HAM for solutions of seeming difficult scientific and engineering problems [8] - [11] . This method has been successfully applied to solve many types of nonlinear problems. This method doesn't depend on size of parameters whether they are small or large and is valid for most nonlinear models. HAM is different from all previous numerical methods; it contains a certain auxiliary parameter h, which provides us with a simple way to adjust and control the convergence region of solution series. The main goal of this paper is to find the approximate solution of the nonlinear radial diffusivity equation with convection term by the homotopy analysis method.
Radial Diffusivity Equation for Slightly Compressible Fluid
The Radial Diffusivity Equation is considered one of the most salient and widely used mathematical expressions in the Oil and Gas Industry. The equation is particularly applied to the analysis of well testing data. The use of this equation is to determine salient information or parameters during the testing analysis of a well and they include; Initial pressure (p), permeability (k), mechanical skin factor (s), flow efficiency, productivity index etc. The equation is also used to investigate reservoir productivity.
To develop the radial diffusivity equation, some assumptions are assumed. These are: • Formation is a homogenous and isotropic porous media of uniform thickness.
• Negligible gravity effect.
• Applicability of Darcy's law.
• Pressure independent rock properties.
• Central well is perforated across the entire formation thickness. Hence; radial flow.
• Single phase flow is present in the reservoir.
• Small pressure gradient.
These assumptions are needed to combine the three (3) governing equations needed in deriving the radial diffusivity equation:
• The law of conservation of mass.
• Darcy's law.
• Equation of state.
We consider a radial flow of fluid towards a well in a circular reservoir. Combining the conservation of mass and Darcy's law for the isothermal flow of fluids of small and constant compressibility, a partial differential equation is obtained that in field units simplifies to 0.000264
where it is assumed that compressibility, c, is small and independent of pressure, permeability, k, is constant and isotropic; viscosity, µ, is independent of pressure, porosity ɸ, is constant. 
As stated above, the definition of the dimensionless radius is given as
and ( )
And dimensionless time is given as: 2 0.000264
Therefore, the Dimensionless radial diffusivity equation is given as:
The above Equation (6) is the linear dimensionless radial diffusivity equation.
Current Solution to the Radial Diffusivity Equation
There are four solutions to Equation (6) (when 0 o C = ) that are particularly resourceful in well testing: 1) Van Everdingen-Hurst constant terminal rate solution for bounded cylindrical reservoir.
2) The solution for an infinite reservoir with a well-considered to be a line source with zero wellbore radius.
3) The pseudo-steady state solution.
4) The solution that includes wellbore storage for a well in an infinite reservoir. a) Van Everdingen-Hurst Constant Terminal rate solution for Bounded cylindrical reservoir Van Everdingen and Hurst developed two set of solution for the linear radial diffusivity equation namely, "the constant terminal pressure case solution" and "the constant terminal rate case". In the constant terminal pressure case, the pressure at the terminal boundary is lowered by unity at zero time, kept constant thereafter, and the cumulative amount of fluid flowing across the boundary is computed as a function of the time. The constant terminal rate solution is explained explicitly below.
Constant Terminal Rate Solution
It is solutions of the radial diffusivity Equation (1) when o C of the square pressure gradient term is negligible, if necessary, that are applied in the majority of well test analysis techniques. This, in itself, presents problems because for any second-order differential equation there is an infinite number of a possible solution, dependent on the choice of initial and boundary conditions. The solution of the diffusivity equation which may be regarded as the basic building block in all test interpretation, upon which more complex analyses may be structured, is called the constant terminal rate (CTR) solution. This describes the pressure response observed on a gauge located in a wellbore resulting from producing a well at a constant rate, q, from time t = 0. This, it will be recognized, is an idealized solution; because those who have attended a well test, particularly at the appraisal stage, will appreciate how difficult it is to stabilize the flow rate from time t = 0. The ideal solution, however, can be modified to cater for variable rate history.
In summary, Van Everdingen and Hurst solution to the Equation (6) requires two boundary conditions and an initial condition. A realistic and practical solution is obtained if we assume that 1) A well produces a constant rate, qB, into the wellbore (q refers to flow rate in STB/D at surface conditions, and B is the formation volume factor in RB/STB);
2) The well, with wellbore radius, w r is centered in a cylindrical reservoir of radius, e r and that there is no flow across this outer boundary; and 3) Before production begins, the reservoir is at uniform pressure i P . The most useful form of the desired solution relates flowing pressure, wf P at the sand-face to time and to reservoir rock and fluid properties. 
This solution is considered the exact solution to the radial diffusivity equation, but approximate solutions are used instead of this exact solution because of the cumbersomeness of the equation. 
c) Solution for an infinite Reservoir with Line source well Assumptions made here are that; 1) A well produces at a constant rate, qB;
2) The well has zero radius;
3) The reservoir is at uniform pressure, pi, before production begins; and 4) The well drains an infinite area (i.e., that p → p i as r → ∞). Under these conditions, the solution to the radial diffusivity equation is; 2 948 70.6
Basic Idea of Homotopy Analysis Method
To describe the main idea of Homotopy Analysis Method, the following differential equations are considered: Let U be a function of homotopy parameter q. Then,
where N is a non-linear operator, and ( ) , u x t is an unknown function and are temporal independent variable. For simplicity,
The Construction of homotopy takes the form: 
U x t q u x t q H x t N U x t q
whose solution transforms continuously with respect to q.
Similarly when q = 1, 
Differentiating Equation (11) m times with respect to the embedding parameter q and then setting q = 0 and finally dividing them by m!, we have the so-called mth-order deformtion equation: 
Application of Ham to Solving Non-Linear Radial Diffusivity Equation for Slightly Comprssible Fluid
Also, transforming Equation (5) using Boltzmann transformation to ordinary differential equation for ease in solving, we have:
Equation (5) 
Initial condition
Boundary conditions
The Construction of homotopy for Equation (25) takes the form:
o y q P yy q P y q H y N y q
where
is the homotopy embedding parameter,  is a non-zero convergence parameter, 
If the auxiliary linear operator, the initial guess, auxiliary parameter and auxiliary function are properly chosen, the series Equation (3.13) converges at q = 1 and we get homotopy series solution; 
Therefore from Equation (7), the mth order deformation equation is derived as;
The solution of the mth-order deformation Equation (37) is given as: 
According to the rule of solution expression Equation (39), the auxilliary function ( ) H y should be as follow 
In this way, we derive
Results and Discussion
The analytical solution of the nonlinear diffusivity Equation (25) is obtained by using the Homotopy Analysis Method (HAM). The convergence parameter values for which the solution converges is shown in Figure 1 . The obtained analytical solution is verified graphically in Figures 2-4 for negligible compressibility factor term in the parameters of the problem to show the behavior of the solution which satisfy the boundary conditions. As long as we choose h in this horizontal region 1.8 1.8 − ≤ ≤  , our solution must converge to the actual solution of Equation (25) where h is the non-convergence parameter.
Evaluating Homotopy Analysis Method solution was also used in solving for dimensionless pressure P D for finite radial system with closed exterior boundary, constant rate at inner boundary ( 200 D r = ), and Table 1 shows the result gotten with HAM and compared to that of Van Everdigen and Hurst Solution. It is important to note that Figure 2 demonstrates the pressure distribution in a porous medium (reservoir rock) with coefficient of square of pressure gradient assumed negligible, from this figure, the efficiency and robustness Figure 6 shows the comparison plot of non-linear radial diffusivity equation i.e. when compressibility factor and the pressure gradient are not negligible (≠0) and the linear radial diffusivity equation for slightly compressible fluid. Therefore, we have:
From Figure 6 , we see that the respective value of dimensionless pressure against dimensionless time tends to increase as the value of the compressibility coefficient factor term of the squared pressure gradient increases. 
Conclusions
In this work, an approximate but very accurate solution of a non-linear reservoir model with coefficient of square of pressure gradient Co was successfully obtained using a powerful analytic method called the homotopy analysis method. It was shown that:
1) The pressure distribution in the reservoir with coefficient of square of pressure gradient Co, can be accurately predicted with the HAM solution.
2) The freedom of choice of the auxiliary parameter h, gives way to adjust and control the convergence of the solution series, which can be considered as a fundamental difference between the homotopy analysis method and other existing methods such as the adomian decomposition method, homotopy perturbation method and variational iteration method.
3) The Homotopy Analysis method is a mathematical model that can be used to solve the non-linear radial diffusivity equation effectively.
It is then believed that the homotopy analysis method is an efficient and capable technique in handling a wide variety of engineering problems.
